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25 Years Quantum (not Spin) Hall Effect25 Years Quantum (not Spin) Hall Effect



25 years + 4 days
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Integer Quantum Hall Effect (Nobel Prize in Physics 1985)
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second peak



Fractional Quantum Hall Effect (Nobel Prize in Physics 1998)





Si MOSFETSi MOSFET

basic research on

such a device led

to the discovery

of the

Quantum Hall 
Effect



Quantum Hall Quantum Hall EffectEffect in in thethe MuseumMuseum

Exhibitions in Nürnberg and Basel





Quantum Hall Effect papers in INSPEC
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QUANTUM HALL EFFECT and BLACK HOLES



QUANTUM HALL EFFECT and QUARKS



QUANTUM HALL EFFECT and QUANTUMCOMPUTER



QUANTUM HALL EFFECT and VACUUM



QHE and QHE and thethe Einstein Einstein YearYear
(25th, 50th, and 100th anniversary)



QUANTUM HALL EFFECT and GRAVITATION

PhysicsWeb:





QUANTUM HALL EFFECT and STRING THEORY



Fig1: This picture shows a string theory realization of the 2+1d 
quantum Hall effect on a two-sphere.

(from M. Fabinger in Journal High Energy Physics,5 (2002) 037)



RealizationRealization of a of a resistanceresistance standardstandard basedbased on on 
fundamental fundamental constantsconstants



The “BLACK BOX”

has always the resistance value R = 25812,807 OhmH

 
(MOSFET at low temperatures in high magnetic fields)

The “BLA CK B OX”

ha salw ays there sista nce value  h/e = 25 812,8 07 O hm2

 (M OSFE Tat lowt emp eratu res in hig h ma gneti c fiel ds)



OCTOBER 2003OCTOBER 2003

217217--223223



QUANTIZED HALL RESISTANCE IN SI OHMQUANTIZED HALL RESISTANCE IN SI OHM (up to 1990)

CSIRO, Australia 25 812.809 (2) Ω
NPL, UK 25 812.809 (1) Ω
BNM-LCIE, France 25 812.802 (6) Ω
ETL, Japan 25 812.806 (6) Ω
NIST, USA 25 812.807 (1) Ω
VNIIM, Russia 25 812.806 (8) Ω
VSL, Netherland 25 812.802 (5) Ω
NRC, Canada 25 812.814 (6) Ω
EAM, Switzerland 25 812.809 (4) Ω
PTB, Germany 25 812.802 (3) Ω
NIM, China 25 812.805 (16) Ω
CSIRO/BIPM 25 812.809 (2) Ω
CSIRO/Japan 25 812.813 (2) Ω

BEST VALUE (1990): RK=25 812.807 (5)  Ω
RK-90=25 812.807 000 Ω



Recommendations Comité International des Poids et Mesures
(October 4-6, 1988) 



the conventional value is by 
definition constant!

in SI in SI unitsunits

2002

449

86

3

25 812.807 449 (86) Ω



This label on calibrated resistors indicate, that
the calibration is based on the conventional
value for the von Klitzing constant RK-90

fixed (without uncertainty) in 1990



EVERYONE IN THE WORLD

(if he spends about 300 T€ for 
this equipment)

IS ABLE TO CALIBRATE 
RESISTANCES WITH AN 
UNCERTAINTY OF LESS 

THAN 10-8



DC Quantum Hall - Resistance

Primary Standard

14T Magnet   
3He Cryostat  
CCC Bridge
DC samples from

LEP, DFM
PTB, OFMET
NRC, ...  

Comparisons  with
BIPM, 
North America







Is this exact without any correction??
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“The Kilogram is equal to the mass of the International Prototype 

of the Kilogram after cleaning and washing using the BIPM method.”

(CIPM, 1989)

BIPM Cleaning Method

• Rub artifact with chamois cloth soaked in ether / alcohol mixture.

• Wash in a jet of steam.



•
mass change after cleaning



Alternative realization of the unit of mass:

The kilogram is a certain number of 
silicon atoms



Why not

E=mc2  (EINSTEIN)
together with

E=hν (PLANCK) 

m = hν/c2



A new building for the Watt 
balance (using QHE)





The The metasmetas watt balancewatt balance
(Switzerland)



current current I=eI=eνν

z

Watt Watt balancebalance

R = h/e2  (QHE)

U ~ hν/e  (Josephson)



UUindind

z



F =  –∂Φ/∂z·I Uind = –∂Φ/∂z υ

Uind · I =  F· υ
~h/e ~e m·g

The most inaccurate quantities in this equation are 
the Planck constant h and the mass m

h ~ m



g = 9.780..m/s2 at equator
g = 9.832..m/s2 at north pole





A possibility for a new definition
of the kilogram:

The kilogram is the mass, which by comparison 
of mechanical and electrical power results 

in a value of the Planck constant of 
h=6.626 068 91 x 10-34 Js (exact).

(electrical power: U2/R ~ h)



m kg

N

J

Js-1 W V

A1N=1s-2•m•kg

1J=1N•m =1s-2•m2•kg

1Ω=1s-3 m2kgA-2

International System (basic SI units)
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Physics of the QHE

a) two-dimensional electron gas (2DEG)

b) electrons in strong magnetic field

c) disorder

d) edge phenomena

e) FQHE



CONDUCTION
BAND
AlGaAs

CONDUCTION
BAND
GaAs

+ + + + + ++
+

DONORS

"TWO-DIMENSIONAL
ELECTRON GAS"

(zero point energy
in quantum well)

ENERGY OF "FREE" ELECTRONS IN A QUANTUM WELL
E = + 

 
E

0
kinetic energy of motion in the interface plane 

2DEG 2 D E G = - imensional lectronen as = HEMT, TEGFET

PARTICLE IN
A BOX



magnetic field B

Typical device used for QHE experiments



Magnetic Field (T)

ρ x
y[

kΩ
]

ρ x
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]

0              4               8              12            16

filling factor ν=1:

ρxy=UH/Ix= 25 812,807 Ω



POTENTIAL DISTRIBUTION

B=B

B=B

+

-

B=0

Quantum Hall Effect



W. Dietsche and coworkers, MPI-FKF 



W. Dietsche and coworkers, MPI-FKF 



PHYSICS OF QHE
Energy Gaps (e.g. cyclotron energy ħωc)

Homogeneous 2DES
(no spin, no edges, no disorder,no el.-el. interaction)

E

x0

EF

n = 0

n = 3

n = 1

n = 2

0

hωc
h

EF=const.





Explanation of QHE
(Deutsches Museum Bonn)

Discrete energy levels for two-dimensional electron
system (size quantization) in strong magnetic fields
(Landau quantization)
Classical Hall effect if an integer number i of energy
levels is fully occupied with electrons:

IU
ei
h

H ⋅=
⋅ 2

(useful for Ph.D. examination with correct result but
INCORRECT DEVIATION!)



PROBLEMS:
#1: NO quantum Hall plateaus since Fermi energy jumps (the

condition of fully occupied Landaulevel is fulfilled only for very
special magnetic field values)

#2: Real samples with finite 

size have NO GAPS in 

the energy spectrum!

E
N



B

THERMODYNAMIC EQUILIBRIUM:

CONSTANT ELECTROCHEMICAL

POTENTIAL    )(KELVIN PROBE

CONTACT
VOLTAGE

MAGNETIC FIELD  B



V EK ∆ V2DES 
I SETB

2DEG

Single Electron Transistor
(SET)

as an extremely sensitive
electrometer for measurements

on a 2DEG
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magnetic field B (T)Y. Y. Wei et al.



EF

ENERGY  EN (y0)

N=0

N=1

eB
ky xh

=0

Problem #2
NO NO energyenergy gapsgaps for real 
devices with finite width

electronic states at Fermi 
energy!!
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CURRENT

Ω
Ω

Ω

THE ELECTRICAL RESISTANCE OF A 
CONSTRICTION IS DETERMINED BY THE 

NUMBER OF ONE-DIMENSIONAL CHANNELS 
(each channel contributes to the conductance with 2e /h)

2



NO BACKSCATTERING!



more than 100 nm!!









Calculation for an ideal system with finite size
(R.Gerhardts, A.Siddiki)

Compressible

no backscattering

)/( 0
Fc EB ωh



Theory with one-dimensional disorder
(R.Gerhardts, A.Siddiki)

Compressible

no backscattering

)/( 0
Fc EB ωh

15 µm sample with some random disorder
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Magnetic Field (T)
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ρ x
y[

kΩ
]

ρ x
x[

kΩ
]finite width of plateaus originates from 

an extended incompressible region
separating the two QHE edges



Edge Disorder

RK=h/e2



NEW ENERGY GAPS DUE TO 
ELECTRON-ELECTRON 

INTERACTION

(fractional quantum Hall effect)



Similarity between IQHE and FQHE

ZERO effective magnetic field
for composite fermions

half filled lowest Landau level
two flux quanta for one electron



Ballistic transport  – electrons and Composite Fermions

ohmic contacts 

Schottky-gates 

2-dimensional electron gas (2DEG)

Vcollector

IInjector

 

•high mobility 2-dimensional electron gas with long mean free path
forms at the interface of an GaAs/AlGaAs heterostructure

•lateral surface Schottky-gates define two opposing Quantum-Point-
Contacts (QPCs)

n = 1.92 ⋅ 1011 cm –2

µ = 5.8 ⋅ 106 cm2/Vs

 

L = 1 mµ

B 

 

Jörn Göres
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Ballistic transport of electrons

T = 240 mK
µ = 5.8 ⋅ 106 cm2/Vs
n = 1.92 ⋅ 1011 cm -2

•at B = 0 straight, ballistic
transport of electrons occurs
from the injector to the collector
Quantum-Point-Contact

•away from B = 0 Shubnikov-
deHaas oscillations and the
Quantum Hall Effect develop 



SIMILAR OBSERVATIONS IN STRONG MAGNETIC FIELDS (16 Tesla) ?
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•CFs experience effective
magnetic field Beff, 
dramatically different from
external field B

•existence of a Fermi sea of CFs
at Beff = 0 and Landau levels
containing CFs at Beff ≠ 0

•Fractional Quantum Hall 
Effect of electrons can be
viewed as Integer Quantum 
Hall Effect of CFs

Beff = B –2 Φ0 n

T = 240 mK
µ = 5.8 ⋅ 106 cm2/Vs
n = 1.92 ⋅ 1011 cm -2

effective magnetic field Beff (T)

Ballistic transport  of Composite Fermions (CFs)

Vg = 0V



New QHE-phenomena for double-layer system

Zyun F. Ezawa: Quantum Hall Effects



Integer (fractional) QHE

ZERO effective magnetic field
for composite fermions

half filled lowest Landau level
two flux quanta for one electron

N=1

N=0



Coulomb interaction between 
two layers with half-filled bands!?

E

EF

DOS

E

EF

DOS
Important parameter: distance d between the two layers 
relative to the distance lB between electrons within a layer



GaAs 001 substrate

300 GaAs buffer layerD 

2800  AlGaAsD

3000  AlGaAsD

5000  AlGaAs/GaAs SLD

2000  AlGaAsD

200  GaAs cap layerD

400D Si - AlGaAs

400D Si - AlGaAs

170D GaAs QW

170D GaAs QW

1 2 4  
A l A s / G a A s

D

upper layer

lower layer

Rul>5 GΩ at B=0

double layer system with 
separate electrical contacts (group Dietsche)



Double Layer Hall Device with separate contacts

80 mµ

880 m  80 m Hall bar designµ µH

backgate

frontgate

2DEGs
contact to
top layer
contact to
bottom layer

900 µm



Bilayer el-el Systems

UH

Uxx

I
UFG

UBG

frontgate

top layer

bottom layer

backgate

15 nm GaAs

15 nm GaAs
22 nm AlGaAs

60 nm AlGaAs

80 nm AlGaAs
40 nm AlGaAs:Si

40 nm AlGaAs:Si
20 nm GaAs
Au frontgate

n+ backgate
300 nm superlattice



Variation of d/lB
(R.Wiersma, S.Lok, S.Kraus, W.Dietsche)

I

ρxx

Rxy

(Eisenstein 2003; Tutuc 2004; Wiersma 2004)
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NEW GAP FOR TOTAL 
FILLING  FACTOR ν = 1 AT d/lB < 1.64
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counter-current superfluidity

I

I
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d/lB = 1.43

with equal counter-flowing I, both ρxx and ρxy tend
to zero

Vimbalance

(Eisenstein 2004; Tutuc 2004; Wiersma 2004)



IMBALANCE AT TOTAL FILLING FACTOR 1
(e.g. νl=0.49 and νu=0.51)

the total filling factor remains 1, but charge is transferred from layer1 to layer2
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The two layers behave very differently upon a symmetric
density imbalance......

Larger energy gap for layer with larger carrier density



Activation energy at νtot=1 for each layer as
function of imbalance

Asymmetric activation energy upon symmetric
density imbalance
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SUMMARY
THE USE OF THE QHE IN METROLOGY IS 

THE MOST IMPORTANT APPLICATION
OF THIS EFFECT BUT MORE GENERAL: 

TWOTWO--DIMENSIONAL SYSTEMS IN DIMENSIONAL SYSTEMS IN 
STRONG MAGNETIC FIELDS ARE MODEL  STRONG MAGNETIC FIELDS ARE MODEL  

SYSTEMS  FOR  MANY FUNDAMENTAL  SYSTEMS  FOR  MANY FUNDAMENTAL  
PHENOMENA IN SOLID STATE PHYSICS!PHENOMENA IN SOLID STATE PHYSICS!
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